SYMMETRIES IN THE SYSTEM OF TYPE D 
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Abstract. In this paper, we propose a 4-parameter family of coupled Painleve 
III systems in dimension four with affine Weyl group symmetry of type . We 
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also propose its symmetric form in which the -D 4 
visible. 
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symmetries become clearly 



0. Statement of main results 

In [9, 10, 11], we presented some types of coupled Painleve systems with various 
affine Weyl group symmetries. In this paper, we present a 4-parameter family of 
coupled Painleve III systems with affine Weyl group symmetry of type Since 
these universal Backlund transformations have Lie theoretic origin, similarity reduc- 
tion of a Drinfeld-Sokolov hierarchy admits such a Backlund symmetry. The aim 
of this paper is to introduce the system of type After our discovery of this 

system, they were studied from the viewpoint of Drinfeld-Sokolov hierarchy by K. 
Fuji independently (cf. [1]), and he succeeded to obtain our system by similarity 
reduction of the Drinfeld-Sokolov hierarchy of type D± . 

At first, we propose a 4-parameter family of autonomous ordinary differential 
systems with the invariant divisors fi as variables: 

dfo 



(1) 



-(2/ifl-i + ai)/ - a /i, 
-(2/o0i + a )/i - ai/o, 
{(/o + fi)9i + (fa + h)92 + l}/ 2 - 2a 2 g ig2 , 
-(2/45-2 + 04) /a - "3/4, 
-(2/35-2 + a 3 )fa - 0:4/3, 

(fa + fi)gl - {(fa + fa) 92 -oiq- a 1 }g l + (/ 3 + / 4 )/ 2 , 
-37 = ih + fa)92 ~ {(fa + /i)<7i - «3 - "4)52 + (/o + fa) fa- 
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Here fo, fi, ■ ■ ■ , fa and e/i, #2 denote unknown complex variables and a<y, 
the parameters satisfying the condition: 

cxq + ai + 2qj 2 + 03 + 04 = 1- 
Proposition 0.1. This system has the following invariant divisors: 



, «4 are 
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invariant divisors 


parameter's relation 


fo 
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a Q = 
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OL\ = 
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a 2 = 
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a 4 = 



Theorem 0.1. This system is invariant under the transformations sq, . . . , s 4 
defined as follows: with the notation (*) := (/ , fi, ■ ■ ■ , f\, 9i, 92] ®0i a 4 ), 

so : (*) -K/0,/1,/2 + — 7— ,/ 3 , /4,5i + -7-, #2; -a ,ai,«2 + a ,a 3 ,a 4 ), 

Jo jo 

si : (*) -K/o, Ji, J2 + /3, J4,^i + -f-,52! "o, -ai, a 2 + ai,a 3 ,a A ), 

Ji Ji 



(2) 



"2^2 , & 2 g 2 , , e*20i , oj 2 #i 

-7 — ) h 7 — ■> hi h 7 — 1 J4 7 — i9ii92] 

h h h h 



52 ■ (*) ->(/ 

a + «2, «1 + «2, — «2, «3 + «2, «4 + CU2), 

53 : (*) -^(/o,/i,/2 + — 7— ihifii9ii 92 + —;a ,a 1 ,a2 + a 3 ,-a 3 ,a 4 ), 

! " h 



h 

a 4 g x 



S 4 : (*) ->(/o, Jl,h+ — r~ ' /3, J4, 91,92 + -7-; «0, Q!l, «2 + "4, «3, 

J4 J4 

Theorem 0.2. T/iis system has two first integrals: 

d(fo-fi) d(/ 3 -/ 4 ) d(f 2 -gig 2 ) , 

dt " dt ~ ' rfT 

From this, we have 

/o = /i-l, / 3 = /4-l, f2~gi92 = e( t+c \ 

Here we set 

* + c = » : = 0i, 2/ : = A, z := 5-2, u> := / 4 , 

then we obtain a 4-parameter family of coupled Painleve III systems in dimension 
four with affine Weyl group symmetry of type explicitly given by 

dx 2x 2 y — x 2 + (ojo + ol\)x 

— 77; 1 + 2u>, 

dT T 

dy _ -2a;?/ 2 + 2xjy - (oj + oji)y + «i 
dT ~ T ' 



-a 4 . 



(3) 



dz 2,2 2 u> — z 2 + (oj 3 + 6*4)2: 



dT 



T 



+ 2y, 



d-u; — 2zto 2 + 2zw — (ct3 + a 4 )w + a 4 
dT ~ T 



with the Hamiltonian 

(4) 



x 2 y 2 - x 2 y + (a + ai)xy - a x x 

ti = = y 



T 



+ 



z w — z w + (a 3 + a 4 )zw — a 4 z 
f 



— w + 2yw. 
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FIGURE 1. The transformations Sj satisfy the relations: sf = 1 (i = 
0,1,2,3,4), (s oSl ) 2 = (s s 3 ) 2 = (s s 4 ) 2 = (s lS3 ) 2 = ( Sl s 4 ) 2 = 
(s 3 s 4 ) 2 = 1, (s s 2 ) 3 = (si s 2) 3 = (s 3 s 2 ) 3 = (s 4 s 2 ) 3 = 1. 

Theorem 0.3. This system is invariant under the transformations so, • • • , s 4 ,7Ti, 
7r 2 , 7r 3 defined as follows: with the notation (*) := (x, y, 2;, T; ceo, «i, 0:2, «3, a 4 ), 

. . . q;q , 
: (*) H -, y, z, w, T; -oj , c*i, a 2 + a , a 3 , a 4 ), 

y-i 

: (*) ^(x^ ,y,z,w,T;a ,-a 1 ,a 2 + a ± , a 3 , oj 4 ), 

y 

t \ 1 & 2 z a 2 x 

: (*) — >(x, y — , z,w — , 1 ; 

K J v ' y xz + T 1 ' xz + T' ' 

« + OJ2, «1 + «2, — 0£2, «3 + «2, «4 + Ct 2 ), 
Ct 3 

: (*) y, ^ H -, w, T; a , a l5 a 2 + a 3 , -a 3 , a 4 ), 

w — 1 

: (*) ^ + — a ,ai,a 2 + a 4 ,a 3 , -a 4 ), 

: (*) 1 - y, z, w, — T; cti, a , a 2 , oj 3 , a 4 ), 

: (*) y, -2, 1 - w, -T; a , a 1? a 2 , oj 4 , a 3 ), 
: (*) to, x, y, T; a 3 , a 4 , a 2 , a , «i). 
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